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INTRODUCTION
The aim of this paper is to extend some results of Illusie and Raynaud
[13] to the Hyodo–Kato cohomology [9 17 19 23 24].
Let S be the spectrum of a perfect ﬁeld k of characteristic p > 0 endowed
with a ﬁne log structure and let X be a proper, log smooth, and of Cartier-
type ﬁne log scheme over S. Recall that the Hyodo–Kato cohomology
groups HmX/W S of X are deﬁned as the limit over n of the crys-
talline cohomology groups HmX/WnS of X over the Teichmu¨ller lifting
WnS. These are ﬁnitely generated W -modules, on which the Frobenius
endomorphism of X induces a σ-linear isogeny φ, where W = W k and
σ is the Frobenius automorphism of W .
We study the slopes of the corresponding crystals, and especially their
integral slopes, using the alternative description of the Hyodo–Kato coho-
mology groups as HmXW •X/S, where W•X/S is the de Rham–Witt
complex of X/S [9]. First of all, generalizing the Illusie–Raynaud ﬁniteness
theorem [13, (II, 2.2)] we prove that RXW •X/S, as an object of DR,
where R is the Raynaud ring W F V  +W F V d, has bounded cohomol-
ogy, consisting of coherent complexes of R-modules (Theorem 3.1). This
implies the degeneration modulo torsion of the slope spectral sequence
as well as the Mazur–Ogus-type results [2, Sect. 8; 22, Sect. 7] concern-
ing the Newton polygon of HmX/W S and the Hodge polygon given
by the Hm−qXqX/S. Next, we study the integral slopes. To do this we
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consider the logarithmic Hodge–Witt sheaves Wn
q
X/Slog, consisting of
sections of Wn
q
X/S which are e´tale locally sums of sections of the form
d log m1    d log mq where m1    mq are sections of 
gp
X (cf. [14]).
Using a basic result of Tsuji [23] (see also [18]), we prove that these
sheaves are in a suitable sense the ﬁxed points of the operator F on the
Hodge–Witt sheaves Wn
q
X/S (2.13), as in the classical case where the log
structures are trivial [4, 10].
We then extend the structure theorem of Illusie and Raynaud [13] for the
cohomology groups Hm−qXetWnqX/Slog and their limits. In particular,
we show that when k is algebraically closed, the latter give a basis over K
of the part of slope q of HmX/W S ⊗K, where K = FracW  (3.4.6).
We also discuss the notion of ordinariness ((4.1), (4.3)), generalizing cri-
teria of Bloch and Kato [3] and Illusie and Raynaud [13], thus completing
a program sketched in [14, (2.2) and (2.3)].
1. REVIEW OF THE DE RHAM–WITT COMPLEX ON LOG
SCHEMES AND THE HYODO–KATO COHOMOLOGY
In the following we will denote by X the log structure of a ﬁne log
scheme X.
Let S be a perfect scheme of characteristic p > 0, equipped with a ﬁne
log structure, and f 
 X → S be a smooth of Cartier-type [15, (4.8)] ﬁne log
scheme over S.
For any integer n ≥ 1, we will denote by Sn the log scheme WnS
endowed with the log structure deﬁned in [9, (3.l)]. The log scheme Sn
is equipped with an automorphism σ given by raising the coefﬁcients of
the Witt vectors to the pth power. The ideal pWnS is given its usual
PD-structure.
We refer the reader to [9, (2.15)] for the deﬁnitions of the crystalline
topos X/SnCris and of the sheaf X/Sn on X/SnCris. We denote by Xet
the e´tale topos of
◦
X (where
◦
X is the underlying scheme of X) and by
uX/Sn 
 X/SnCris → Xet the canonical morphism of topoi.
Since the theory of de Rham–Witt complex developed in [9 4] over a
perfect base ﬁeld easily generalizes to the case of a perfect base, we shall
freely use this generalization and give the following deﬁnition: For each
n ≥ 1 and q ≥ 0, the qth component of the de Rham–Witt complex of index
n is given by
Wn
q
X/S 
= σn∗RquX/Sn∗X/Sn  (1.1)
For any embedding system (cf. [9, (2.18)]) X• Z•, CX/Sn denotes the
crystalline complex (cf. loc. cit., (2.19)) associated to the crystal X/Sn . If θ
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denotes the morphism of topoi X•et → Xet (cf. loc. cit. (2.18)), we have the
canonical isomorphism (cf. loc.cit., (2.20)),
RuX/Sn∗X/Sn  Rθ∗CX/Sn  (1.2)
Since CX/S is ﬂat over Sn (cf. [9, (2.22)]), we have the exact sequence
0→ CX/Sn
pm→ CX/Sn+m → CX/Sm → 0 (1.3)
We have the operators
d
 WnqX/S →Wnq+1X/S
πn
 Wn+1qX/S→WnqX/S
p
 WnqX/S →Wn+1qX/S
V 
 WnqX/S →Wn+1qX/S
F 
 Wn+1qX/S →WnqX/S
(1.4)
(cf. [9, (4.1)]).
1. The differential map d corresponds to the connecting map in the
exact sequence (1.3) for m = n.
2. The map πn is deﬁned as in 9 42.
3. The map p is the unique map whose composition with the projec-
tion πn
 Wn+1qX/S → WnqX/S is the multiplication by p on Wn+1qX/S .
4. The map V corresponds to the map p
 CX/Sn → CX/Sn+1 in the exact
sequence (1.3) for n = 1.
5. The map F corresponds to the projection in the exact sequence
(1.3) for m = 1.
Wn•X/S d is the de Rham–Witt complex of index n that we denote
Wn
•
X or Wn
• if no confusion is possible.
One can show
Proposition 1.5. Wn• d πnn≥1 is a projective system of graded dif-
ferential algebras over f−1Sn .
Moreover, for each n ≥ 1 the operators (1.4) satisfy the following properties:
1. (cf. [9, (4.1.1)])
FV = VF = p dF = pFd Vd = pdV FdV = d
2. F ◦ πn = πn ◦ F V ◦ πn = πn ◦ V .
3. Fxy = FxFy xV y = V Fxy
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Furthermore,
Proposition 1.6 (cf. [9 46] with q = 0). There exists a canonical iso-
morphism of sn -algebras Wn
0
X/S
∼= WnX compatible with F , V , and πn.
Especially, Wn• is a WnX-algebra.
The projective system Wn•X/S πn denoted by
W•
•
X/S (1.7)
is called the pro-complex of de Rham–Witt of X over S and
W•X/S 
= lim←− Wn
•
X/S (1.8)
is called the de Rham–Witt complex of X over S.
We will set
ZWn
q=Kerd 
 Wnq → Wnq+1
BWn
q= Imd 
 Wnq−1 → Wnq
qWn
• =ZWnq/BWnq
(1.9)
The canonical ﬁltration is deﬁned as in [10, (I 3.A)].
1. FilnWrq = Wrq, if n ≤ 0 or r ≤ 0.
2. FilnWrq = Kerπr−n 
 Wrq → Wnq, if 1 ≤ n < r.
3. FilnWrq = 0, if n ≥ r.
We recall that there exists a Cartier isomorphism
C−1 
 σ∗qX/S ∼= q•X/S = W1qX/S (1.10)
which is X-linear and compatible with the differential map (cf. 9 412
321, and 212). We will identify qX/S and W1qX/S by (1.10). More-
over, the diagram
W1
q F→W1q/dW1q−1
=

 =
q C
−1→ q/dq−1
(1.11)
(where the upper horizontal map F is deduced from F 
 W2q → W1q is
commutative.
We deﬁne e´tale subsheaves of qX/S ,
0 = B0qX/S ⊂ B1qX/S ⊂ B2qX/S ⊂ · · · ⊂ Z2qX/S
⊂ Z1qX/S ⊂ Z0qX/S = qX/S
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by the formulas
B0
q
X/S = 0
Z0
q
X/S = qX/S
B1
q
X/S = dq−1X/S
Z1
q
X/S = Ker
(
d 
 qX/S → q+1X/S
)
Bn
q
X/S
C−1 Bn+1qX/S/B1qX/S
Zn
q
X/S
C−1 Zn+1qX/S/B1qX/S
(1.12)
(cf. [10, (0.(2.2.2)); 9, (4.3)]).
Remark 113 It is easily seen, by induction on n, that Bn
q
X/S and
Zn
q
X/S are locally free of ﬁnite type (over X
pn/S (isomorphic to X))
and of formation compatible with any base change T → S with T per-
fect and endowed with the inverse image log structure.
We will omit the index X/S if no confusion is possible.
We put
grnWr
• = FilnWr•/Filn+1Wr•
For r ≥ n+ 1, we note that the natural map
grnWr
• → grnWn+1•
is an isomorphism. We deﬁne grnW•q by
grnW•
q = grnWn+1q
Lemma 1.14. We have the exact sequences
0→ Bqn → Bqn+1
Cn→ Bq1 → 0 (1.14.1)
0→ Zq−1n+1 → Zq−1n
dCn→ Bq1 → 0 (1.14.2)
q ∈  and n ≥ 1
Proof. We have Bqn+1 ⊂ Zqn and Bqn ⊂ Bqn+1. Moreover, we have an exact
sequence,
0→ Bqn → Zqn
Cn→ q → 0
and ﬁnally Cn
 Bqn+1 → Bq1 is surjective. This proves (1.14.1).
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Moreover, in the following commutative diagram, the bottom row and
the left and central columns are exact:
B
q−1
n B
q−1
n
↓ ↓
0→ Zq−1n+1 → Zq−1n dC
n→ Bq1
Cn
 Cn

Id
0→ Zq−11 → q−1 d→ Bq−11 → 0
We deduce from this the exactness of the middle row and the proof of
(1.14.2). Q.E.D.
Proposition 115 (cf. [10, (I 3.8)]). We have the following morphisms of
exact sequences:
0→ Bqn → q V n→ Wn+1q
↓ ↓ ↓
0→ Bqn+1 → q V
n→ Wn+1q/dV nq−1
(1.15.1)
0→ Zq−1n+1 → q−1 dV
n→ Wn+1q
↓ ↓ ↓
0→ Zq−1n → q−1 dV n→ Wn+1q/V nq
(1.15.2)
Proof. We have the exact sequences (cf. [9, (4.4)])
0→ Rqn → q ⊕q−1 V n dV n→ Kerπn → 0
0→ Rqn → Bqn+1 ⊕ Zq−1n C
n dCn→ Bq1 → 0
(1.15.3)
The proposition follows from them and from the exact sequences (1.14.1)
and (1.14.2). Q.E.D.
In the same way we get
Proposition 1.16 (cf. [10, (I 3.9)]).
1. For all r ≥ n and for every q we have
FilnWr
q
X = V nWr−nqX + dV nWr−nqX
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2. The associated graded is the center term of the cross, of which the
row and column are exact,
0
↓
Fn+1∗ 
q−1/Zq−1n+1
dV n

0→ Fn+1∗ q/Bqn V
n→ grnW•q β→ Fn+1∗ q−1/Zq−1n → 0
β′

Fn+1∗ 
q/B
q
n+1
↓
0 
where grnW•q is considered as an X-module via F 
 X = Wn+1X/
V WnX ↪→ Wn+1X/pWn+1X and the maps β and β′ are deﬁned by
βV nx + dV ny = class of y
and
β′V nx + dV ny = class of x
for x (resp. y) a local section of qX/S (resp. 
q−1
x/S .
Proposition (1.16) has the following consequence.
Corollary 1.17. For any q, Wn
q
X/S is a quasi-coherent WnX-module
and is coherent when S is Noetherian.
Corollary 1.18. For all n the map p
 Wn• → Wn+1• (1.4) is injective.
Proof. The proof is the same as that in [10, (I 3.10)] and is a conse-
quence of (1.16). Q.E.D.
We now recall the following properties (Corollaries 1.19 and 1.20) of the
operators deﬁned in (1.4).
Corollary 1.19. For all q, the endomorphisms pF V of the pro-object
W•
q
X/S are injective.
Corollary 1.20. The image of Fn is characterized as
d−1pnW q+1 = FnW q 1201
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Proof. It follows directly from the deﬁnitions of the operators F and V
that
ImFn 
 W2nq → Wnq = Kerd 
 Wnq → Wnq+1 1202
Since we have the quasi-isomorphism
W•/pnW • ∼= Wn• 1203
(cf. [10, (I 3.21.1.5)]), which follows from the quasi-isomorphisms
Wm
•/ pnWm• ∼= Wn•m ≥ n ≥ 1 (cf. [9, (4.5)]) and the fact that
Wn
q is a quasi-coherent WnX-module (1.17), Eq. (1.20.2) implies
(1.20.1). Q.E.D.
Proposition 1.21. For all i ≥ 0,
Kerpi 
 Wn+1q → Wn+1q ∼= Filn+1−iWnq
Proof. We obtain this result by induction on i (cf. [10, (I 3.4.1)]).
Q.E.D.
Proposition 1.22 (cf. [9, (4.19)]). We have a canonical isomorphism in
the derived category DX f−1Sn,
Wn
•
X/S
∼= RuX/Sn ∗X/Sn
compatible with Frobenius and with the transition morphisms. The Frobenius
is given by pqF in degree q on Wn
•
X/S and induced on the right-hand side by
the absolute Frobenius of X and the endomorphism σ of Sn.
Corollary 1.23. The isomorphism of (1.22) induces an isomorphism
Rf∗XWn• ∼= Rf∗X/Sn
If X/S is proper, Rf∗W•X/S is a perfect complex and the natural map
Rf∗W•X/S → R lim←− Rf∗X/Sn is an isomorphism.
Proof. This follows from Proposition 1.22 as in [10, Sect. II 2.B]. To see
the perfectness of Kn 
= Rf∗Wn• one is reduced to n = 1, in which case
we have the facts that each qX/S is locally free of ﬁnite type and f is proper
and ﬂat (being log smooth of Cartier type). The rest follows from the fact
that for n ≥ m the natural map Kn⊗LX/Sm → Km is an isomorphism using
the standard argument (cf. [8, XV, Sect. 3, Lemme 1]). Q.E.D.
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2. FIXED POINTS OF F ON HODGE–WITT SHEAVES
The assumptions on X → S are the same as in the previous section.
Since we assume that f 
 X → S is of Cartier type, the absolute Frobenius
FX of X factors through X ′, where X ′ is the pullback of X (in the category
of ﬁne log schemes) by the absolute Frobenius FS of S. The factorization
FX/S
 X → X ′ is exact (cf. [15, (4.10)]). We denote by w the canonical
projection X ′ → X, hence we have FX = w ◦ FX/S .
Since X ′ is the pullback of X by FS in the category of ﬁne log schemes,
we have the isomorphism
1X ′/S
∼= w∗1X/S (2.1)
We denote by
C−1X/S 
 qX ′/S ∼= q•X/S
the Cartier isomorphism (cf. [15, (4.12)]) and by
CX/S
 ZqX/S → •X ′/S
the Cartier operator (cf. [10, (0.(2.1.9))]). We have the exact sequence
0→ B1X/S → Z1X/S
CX/S→ 1X ′/S → 0 (2.2)
Let us now denote by Xn the pullback of X by the nth power of
the Frobenius FS and by FX/S
n 
 X → Xn the natural map. We observe
that the pullback of Xn by the Frobenius FS is canonically isomorphic to
Xn+1.
Since f is of Cartier type, f is integral [15, (4.9)]; then the pullback by
FS in the category of ﬁne log schemes is also the pullback in the category
of log schemes. The underlying scheme of the pullback is the pullback of
the underlying scheme. It follows from this that all Xn for n ∈  have the
same underlying topological space.
Proposition 2.3. The kernel of the map d log 
 gpX → 1X/S is pgpX +
f−1gpS 
Proof. Let x¯ be a geometric point and let us consider the same mor-
phism as in [15, (3.5)],
kx¯ ⊗1→kx¯ ⊗gpX x¯/∗X x¯ + f−1x¯gpS 
1⊗ d log a → 1⊗ a
(2.3.1)
Suppose that a ∈ gpX and that d log a = 0. Then 1 ⊗ a = 0 in kx¯ ⊗

gp
X x¯/∗Xx¯ + f−1x¯gpS , hence a = uvbp with u ∈ ∗X , v ∈ f−1gpS , and
b ∈ gpX . The fact that d log a = 0 implies that d log u = 0 which, in turn,
implies du = 0, hence u ∈ ∗Xp by the Cartier isomorphism. Q.E.D.
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We have an exact sequence
0→ gpX ′ → gpX
d log→ 1 (2.4)
(cf. [20, (6.1.2)]). We will denote n gp = Xn . Since all Xn have the
same underlying topological space, we can consider all n gp as abelian
sheaves on X. We have the inclusions
· · · ⊂ n+1 gp ⊂ n gp ⊂ · · · ⊂ gp = gpX 
Then (by deﬁnition of a log ﬁber product)
n gp = pngp + f−1gpS  (2.5)
Since f 
 X → S is smooth, for every n we may construct (locally on X)
closed immersions X → Zn over Sn compatible with the immersions Sn →
Sn+1, with Znlog smooth over Sn. For U an open set such that the mor-
phism U → Zn exists, we can deﬁne a map d log 
 gpX  U → Wn1U/S
following [9, (4.9)]. For all V ⊂ U and m ∈ VgpX  we deﬁne d logm =
d log m˜, where m˜ is a lifting of m in gpDn , Dn being the PD-envelope of U
in Zn. One can show (loc. cit.) that this map is well deﬁned and compatible
with the immersions Sn → Sn+1.
It is easy to show
Proposition 2.6. The map d log deﬁned above satisﬁes the following
properties:
1. πn ◦ d log = d log.
2. F ◦ d log = d log.
3. d ◦ d log = 0.
4. d logx = x−1dx for x ∈ ∗X , where x = x 0 0    ∈
WnX.
5. d log is compatible with the identiﬁcation 1 = W11.
Proposition 2.7. We have the exact sequence
0→ n gpX → gpX
d log→ Wn1
Proof. It is clear that d logn gp = 0. Suppose that a is a local section
of gp such that d log a = 0. Let us assume that a is a local section
of m gp with m < n. Then we have a = pmb + c with b (resp. c) a
local section of gpX (resp., f
−1gpX ). The fact that d log a = 0 implies that
pmd log b + d log c = 0 and consequently pmd log b = 0. Then we have
d log b ∈ Filn+1−m. It follows that d log b ∈ Fil1, so its image in 1 vanishes.
Hence b ∈ 1 gp. Q.E.D.
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For every q and every n we denote by Wn
q
X/S log the abelian e´tale sub-
sheaf of Wn
q
X/S generated by the sections of the type d logm1 · · ·d logmq,
for m1    mq local sections of 
gp
X . We will simply write Wn
q
log if no con-
fusion is possible. The sheaves Wn
q
log form a projective subsystem W•
q
log
of W•q. Hence the pro-object W•
q
log is p-torsion free (cf. 1.19). The iso-
morphism (2.1) gives us a X-linear map
ψ 
 •X/S → w∗•X ′/S
Proposition 2.8 (cf. [10, (0.(2.4.2))]). For any q ≥ 0 the following
sequence is exact for the e´tale topology:
0→ qX/S log → ZqX/S
ψ−CX/S→ qX ′/S → 0
Proof. See [23, (6.1.1)]. Q.E.D.
Proposition 2.8 and the morphisms of the exact sequences (1.15.1) and
(1.15.2) imply that we have an exact sequence for the e´tale topology on X,
0→ qlog → q/Bqn
1−C−1→ q/Bqn+1 → 0 (2.9)
(cf. [10, (I 5.7.3)]). Using the same morphisms and the equality
ImFn 
 Wn+1q−1 → q−1 = Znq−1
we also see that for every n ≥ 1 and every m ≥ 0 we have
Ker1− F 
 FilmWn+1q → Wnq ⊂ pmWn+1qlog + FilnWn+1q (2.10)
(cf. [10, (I 5.7.4)]). The inclusion (2.10) and the fact that W•
q
log is p-torsion
free (1.19) imply that, for any n ≥ 1, the map
W•
q
log ⊗ /pn → Wnqlog (2.11)
is an isomorphism of pro-objects.
As a consequence of (2.10), the following sequence is exact for all
mn q of
0→ Wmqlog
pn→ Wm+nqlog → Wnqlog → 0 (2.12)
Proposition 2.13 (cf. [4, lemma 2]). The following sequence is exact:
0→ Wnqlog → Wnq
1−F→ Wnq/dV n−1q−1 → 0
Proof. This result is a consequence of (2.10) and the compatibility
between F and C−1, (1.11) (cf. [10, (I 3.26)]). Q.E.D.
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Corollary 2.14. The following sequence of pro-objects is exact:
0→ W•qlog → W•q
1−F→ W•q → 0
Corollary 2.15. The following sequence is exact:
0→ qlog → Wq/p
1−F→ Wq/p→ 0
Proof. This result follows from (2.14), (1.18), and (2.11). Q.E.D.
We assume from now on that S = Spec k, where k is a perfect ﬁeld of
characteristic p > 0. Let us recall that the Raynaud ring R is the graded
W k-algebra generated by generators F and V (of degree 0) and d (of
degree 1) with the relations
Fa = aσF
aV = Vaσ
FV = VF = p
ad = da
d2 = 0
FdV = d
for a ∈ W k (cf. [13, (I 1.1)]). As in [10], W• (1.8) is a sheaf of graded
R-modules on X, and the projections Wn+r• → Wn• induce an epimor-
phism Wq → Wnq with kernel V nW qX + dV nW q−1X (cf. [10, (I 3.31)]).
(One can show this by taking the projective limit with respect to n of the
exact sequences
0→ Wm−nq−1/FnWmq−1
dV n→ Wmq/V nWm−nq → Wnq → 0
Hence we have an isomorphism
W•X ⊗R Rn ∼= Wn• (2.16)
Proposition 2.17 (cf. [13, (II 1.2)]). The isomorphism (2.16) induces an
isomorphism in DbXWnd,
Rn ⊗LR W • ∼= Wn•
Proof. This proposition is equivalent to the exactness of the sequence
0→ Wq−1 F
n−Fnd→ Wq−1 ⊕Wq dV
n+V n→ Wq → Wnq → 0
(cf. [13, (I 3.3)]).
The exactness at Wq follows from (2.16). The exactness at Wq−1 is a
consequence of the fact that F is injective (1.19). The proof of the exactness
at Wq−1 ⊕ Wq is the same as that given in [13, (II 1.2.2)]. (We use
(1.20.1) and (1.19).) Q.E.D.
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3. INTEGRAL SLOPES ON HYODO–KATO COHOMOLOGY
In this section, S is the spectrum of a perfect ﬁeld k of characteristic
p > 0, endowed with a ﬁne log structure, and X denotes a proper log
smooth ﬁne log scheme of Cartier type over S.
Theorem 3.1. The object RXW •X of DbR belongs to Dbc R, the
full subcategory of DbR consisting of complexes of R-modules with coherent
cohomology (cf. [11, (2.4.6); 5, p. 191]).
Proof. Since we have the isomorphism (2.17) the proof is analogous to
that given in [11, (3.1.1)]. Q.E.D.
As in (loc. cit.), we deduce from this results similar to those of Illusie and
Raynaud in [13] and Ekedahl in [5–7] concerning the ﬁrst spectral sequence
of de Rham–Witt (the slopes spectral sequence),
E
qr
1 = HrXW q ⇒ Hq+rXW •∼= Hq+rX/W S 311
In particular (cf. [6, III (1.1)]), (3.1.1) degenerates at E1 modulo torsion,
and HrWq ⊗ KpqF is canonically isomorphic to the part of slopes
in q q + 1 of Hr+qX/W S ⊗ Kφ (where K is the fraction ﬁeld of
W k). Furthermore, using Ekedahl’s theory, [7] (cf. also [20]), we obtain
the following Mazur–Ogus form of “Katz’s conjecture” (a particular case
of [22, (8.3.3)]).
Corollary 3.2. Let us denote by NwtmX the Newton polygon of
HmX/W S/torsion φ, where HmX/W S is a Hyodo–Kato coho-
mology (1.23) of X over W , and φ is its Frobenius endomorphism.
Deﬁne the Hodge polygon of X in degree m, denoted by HdgmX, as the
increasing polygonal line starting at (0 0), having slope i with multiplicity the
ith Hodge number him−i = dimk Hm−iXiX/S, then
1. NwtmX lies on or above HdgmX.
2. Assume that H∗X/W S is torsion free and that the Hodge to
de Rham spectral sequence
E
qr
1 = HrXq ⇒ Hq+rDR X/S
degenerates at E1; then him−i is the multiplicity of the elementary divisor pi
of the W -linear map
φ˜ 
 σ∗HmX/W  → HmX/W 
induced by φ. Moreover, NwtmX and HdgmX have the same endpoint
bm cm, where
bm = rkHmX/W  and cm =
∑
i
ihm−i = lgHmX/W /Im φ˜
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3.3. As in [13, IV (3.2)], denote by Sparf the topos of sheaves over
the perfect site of S, consisting of ﬁne log schemes strict over S whose
underlying scheme is perfect, endowed with the e´tale topology. Denote by
X/Sparf the topos of sheaves over the relative perfect site of X over S,
consisting of pairs TY  where T is in the perfect site of S and Y is a ﬁne
log scheme strict and e´tale over XT 
= X ×S T , endowed with the e´tale
topology. The maps Y → T deﬁne a map f 
 X/Sparf → Sparf .
For every n, Wn
q
X extends canonically to a sheaf on X/Sparf (also
written Wnq) whose restriction to Y is Wn
q
Y , and Wn
q
X log extends to
an abelian subsheaf of Wnq whose restriction to Y (with Y as above)
is equal to Wn
q
Y log. The sheaves ZWnqX and qWn• also extend
to X/Sparf . We denote by Gpn the full subcategory of the category of
abelian sheaves on Sparf consisting of quasi-algebraic commutative afﬁne
groups annihilated by pn (cf. [1, (2.5)]). We deﬁne Gp∞ 
= ⋃n∈Gpn.
Proposition 3.3.1 (cf. [13, (IV 3.2.2)]). For every n ≥ 1 and for every
q r ≥ 0, the sheaf Rrf∗Wnq (resp. Rrf∗Wnqlog of Sparf belongs to Gpn.
Proof. The proof is the same as in (loc. cit.) since, as in the classical case,
Rrf∗grmWnq is representable by a ﬁnite-dimensional k-vector space. Use
Remark 1.13. This implies the ﬁrst statement. By (1.16), for Rrf∗Wn
q
log,
the general case follows from the case n = 1 using (2.11). Then we may
conclude by (2.8). Q.E.D.
Corollary 3.3.2. The exact sequence (2.14) induces an exact sequence
of pro-algebraic groups
· · · → HrXW•qlog → HrXW•q
1−F→ HrXW•q → · · · 
Theorem 3.4. (cf. [13, (IV 3.3)]).
(a) The endomorphism 1 − F of HrXW•q is surjective. Hence we
have, by (3.3.2), an isomorphism
HrXW•qlog ∼= HrXW•qF  341
(b) The group HrXW•qlog has a canonical de´vissage
0→ HrXW•qlog0 → HrXW•qlog → Dqr → 0 342
where
(i) HrXW•qlog0 is a quasi-algebraic unipotent group.
(ii) Dqr is a commutative proﬁnite e´tale group.
Proof. The proof is similar to that of (loc. cit.). It uses the fact that
RXW • ∈ Dbc R, (3.1) (cf. [13, (IV 3.12)]). Q.E.D.
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For the rest of this section, we assume that k is algebraically closed.
The following exact sequences are consequences of (3.4):
0→ HrXW•qlog → HrW•q
1−F→ HrXW•q → 0 (3.4.3)
0→ HrXW•qlog0 → HrXW•qlog → Dqrk → 0 (3.4.4)
Furthermore, HrXW qlog ⊗p is ﬁnite dimensional, where
HrXW qlog 
= lim←− H
rXWnqlog
and we have a canonical isomorphism
HrXW qlog ⊗p p ∼= HrXW q ⊗W KF 345
where K is the fraction ﬁeld of W k.
Since HrXW q ⊗ K is the part with slopes in q q + 1[ (cf.
the remarks following (3.1)), we deduce as in [13, (IV 3.6)] canonical
isomorphisms
HrXW qlog ⊗p K ∼= Hr+qX/W S ⊗W Kq 346
(where q denotes the “slope-q part”).
4. ORDINARY LOG SCHEMES
In this section we assume that the underlying scheme of X is proper over
k. We denote by k¯ an algebraic closure of k#S 
= Spec k¯ endowed with the
log structure induced by that of S. We write #X 
= X ×S #S in the category
of ﬁne log schemes.
Following Bloch and Kato [3], we say that X is ordinary if for every q ≥ 0
and for every r ≥ 1 we have
HrXBq = 0
(cf. [3, (7.2)]).
Theorem 4.1. The following conditions are equivalent:
1. X/S is ordinary.
2. For every r and every q, the canonical map of k¯-vector spaces
Hr
(
#Xq#X/#S log
)
⊗p k¯→ Hr
(
#Xq#X/#S
)
induced from the inclusion q#X/#S log ⊂ 
q
#X/#S is an isomorphism.
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3. For every q r, and n, the canonical map
Hr
(
#XWnq#X/#S log
)
⊗/pn Wnk¯ → Hr
(
#XWnq#X/#S
)
is an isomorphism.
4. For every r and every q, the canonical map
Hr
(
#XW q#X/#S log
)
⊗p W
(
k¯
)→ Hr
(
#XW q#X/#S
)
is an isomorphism.
5. For every r and every q, the map
F 
 Hr(XW qX/S
)→ HrXW qX/S
is bijective.
6. For every n, q, and r,
HrXBWnqX/S = 0
where BWn
q
X/S is the sheaf of boundaries (1.9).
Proof. The proof follows the lines of [3, (7.3)].
Let us ﬁrst note that X/S is ordinary if and only if #X/#S is ordinary.
Hence we may assume that k is algebraically closed.
The equivalence of Statements 1 and 2 follows from the exact sequences
0→ qX/S log → qX/S
1−C−1X/S→ qX/S/BqX/S → 0
(which is the case n = 0 of the sequence (2.9)) and
0→ BqX/S → qX/S → qX/S/BqX/S → 0
We use an argument similar to that in [3, (7.1, 7.3)]. The equivalence
between Statements 2 and 3 is a consequence of (1.16), (1.12), and (2.12).
The fact that 3 implies 4 is clear.
Using the isomorphism (3.4.1), we see that Statement 4 implies 5.
Let us now prove that Statement 5 implies 2. If F is bijective, the inverse
limit of cohomology groups of the pro-sheaf W••/F (1.7) vanishes.
We have the exact sequences of pro-sheaves (cf. 1.19)
0→ W•q/F
V→ W•q/p→ W•q/V → 0
(cf. [10, (I 3.5)]),
0→ W•q−1/F
dV→ W•q/V → q → 0
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(cf. [10, (I 3.19)]), which (as in the classical case) are deduced from (1.16)
and (1.20.3). By Statement 5 we have H∗XW qX/S/F = 0, hence
HrXW q/p ∼= HrXq 411
Moreover H∗XW q/p is of ﬁnite dimension over k by (4.1.1) and F is
bijective on H∗XW q/p. Therefore, the long exact sequence of coho-
mology associated to (2.15) gives an isomorphism
k⊗HrXqlog ∼= HrXW q/p
From the isomorphism (4.1.1), we obtain Statement 2.
To prove that Statement 5 implies 6, we use the exact sequence
0→ HrXW q−1/FnHrXW q−1 + V nHrXW q−1
d→ HrXBWnq → V n−1FnHr+1XW q−1/
FnHr+1XW q−1 → 0
which we obtain just as in [13, (IV 4.9, 4.10)], using (1.20.2), (2.16), and
(1.20.1). The fact that F is bijective on HrWq and the exact sequence
above imply Statement 6.
And ﬁnally, Statement 6 clearly implies Statement 1. Q.E.D.
Remark 42 As in [13, (IV 4.13)], one can prove that Conditions 1–6
of (4.1) are equivalent to the following one: for all q and r,
HrXBW q = 0 421
where
HrXBW q 
= lim←− H
rXBWnq
Moreover, when Conditions 1–6 are satisﬁed the degeneration of the
slope spectral sequence at E1 follows by the same argument as in [13, (4.13)]
and we have a canonical isomorphism (Hodge–Witt decomposition),
HmX/W S ∼=⊕
q
Hm−qXW q 422
Indeed, by (1.20.2) and Corollary 1.19, F is bijective on the pro-object
ZW•q and hence F is bijective on HrXZW q 
= lim←−nH
rXZWnq.
On the other hand, by Corollary 1.16 and an analogue of 10 0 228
(b’ and c’))], we see that Wnq is a coherent WnX-module and
BWn
q and ZWnq are coherent sub-WnX-modules of Fn∗Wnq.
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Hence HrXWnqHrXZWnq, and HrXBWnq are ﬁnitely
generated Wn-modules, and we have a long exact sequence
· · · → HrXZW q → HrXW q → HrXBW q → · · · 
From these two facts, we obtain that (4.2.1) ⇒ Condition 5 of Theorem
4.1. If Condition 6 of Theorem 4.1 is satisﬁed, the morphism of spectral
sequences from
E
q r
1 = HrXZWnq → Hq+r
(
X
⊕
q
ZWn
q−q
)
to
E
q r
1 = HrXWnq → Hq+rXWn•
induced by the morphism of complexes
⊕
q ZWn
q−q → Wn• is an
isomorphism. Hence the spectral sequence (3.1.1) degenerates and we have
the isomorphism (4.2.2).
Theorem 4.3 (cf. [3, (7.3)]). The following conditions are equivalent:
1. X/S is ordinary and HmX/W S (1.23) is torsion free for every m.
2. The Newton polygon NwtmX (3.2) coincides with the Hodge poly-
gon HdgmX (3.2) for each m.
Proof. The proof is the same as in (loc. cit.). Q.E.D.
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